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Abstract
In order to better understand quantum field theory we present
some toy models on finite dimensional Hilbert spaces. We discuss how
these models converge to a discrete spacetime version of quantum field
theory. We first define toy fermion, boson and mixed fermion-boson
free quantum fields. The free fields are employed to form what we
consider to be the simplest examples of interacting fields which we
then use to construct Hamiltonian densities. Scattering operators are
defined in terms of these densities and are employed to construct scat-
tering probabilities. Although our definition of a scattering operator is
not the usual “second-quantization” definition we believe it is simpler
and more natural. Emphasis is placed on finding the eigenstructures
of toy quantum fields.
1
1 Introduction
Many experts admit that quantum field theory is a difficult and compli-
cated subject. Besides that, it is plagued with infinities, divergences and
mathematical inconsistencies. The purpose of this work is to try to gain
a deeper understanding of the foundations and basic principles of the the-
ory by considering some toy models. By necessity, these toy models will
involve over-simplifications and they do not directly apply to physical real-
ity. However, these models exist on finite-dimensional Hilbert spaces and
are mathematically rigorous. Moreover, it is possible that, in some sense,
they converge to an approximation of the real observed world. In Section 5
we discuss ways this may be accomplished. In particular, we assume that
special relativity is an approximation to a discrete spacetime which is the
fundamental description of the structure of the universe [1, 2, 5–7].
We first define free fermion, boson and mixed fermion-boson quantum
fields. Applying energy and particle number cut-offs, the free fields become
rigorous operators on finite-dimensional Hilbert spaces. These operators are
the bases for our toy models. The free fields are employed to form what we
consider to be the simplest examples of interacting fields. Many examples
for free and interacting toy quantum fields are given in Sections 3 and 4. To
better understand these fields we stress the eigenstructure of their quantum
operators. In Section 5 we use interacting fields to construct Hamiltonian
densities. Scattering operators, which are the most important operators of
quantum field theory, are defined in terms of the Hamiltonian densities. We
finally show how scattering probabilities can be found using the scattering
operators. Scattering cross-sections, decay probabilities and particle lifetimes
can also be computed in the standard ways.
It is hoped that these computed quantities will converge to numbers that
will agree with experiment, but this will have to wait for future work. As we
shall show in examples, even these toy models quickly involve complications
which can only be solved with computer assistance. We warn the reader
that our definition of a scattering operator is not the standard one involving
“second-quantization”. Perhaps it is too na´ıve, but we believe that this
method is simpler and more natural.
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2 Free Toy Quantum Fields
In this toy model we consider a system with at most s particles p1, p2, . . . , ps.
We first assume that the particles are all fermions with the same mass (say,
electrons). For simplicity, we neglect spin since the model can be extended
to include spin in a straightforward way. We construct a finite-dimensional
complex Hilbert space Ks with orthonormal basis
|0〉, |p1〉, . . . , |ps〉 · · · , |pi1 . . . pin〉, · · · , |p1p2 . . . ps〉
where |pi1 . . . pin〉 represents the state in which there are n particles with
energy-momentum pi1 , . . . , pin. The vacuum state with no particles is |0〉.
This should not be confused with the zero vector in Ks denoted by 0. The
basis is antisymmetric in the sense that if two particles are interchanged, then
a negative sign results. For example, we have that |p1p2p3〉 = −|p3p2p1〉. It
follows that no two entries in a basis vector agree. Notice that the dimension
of Ks is
dimKs =
s∑
j=0
(
s
j
)
= 2s
For a particle pj we define the annihilation operator a(pj) on a basis element
by
a(pj)|pjpi1 . . . pin〉 = |pi1 . . . pin〉
and if |pi1 . . . pin〉 does not contain an entry pj, then
a(pj)|pi1 . . . pin〉 = 0
We then extend a(pj) toK
s by linearity. Notice for example, that a(p1)|p1p2〉 =
|p2〉 while
a(p1)|p2p1〉 = −a(p1)|p1p2〉 = −|p2〉
We interpret a(pj) as the operator that annihilates a particle with energy-
momentum pj.
The adjoint a(pj)
∗ of a(pj) is the operator on K
s defined by
a(pj)
∗|pjpi1 . . . pin〉 = 0
and if |pi1 . . . pin〉 does not contain an entry pj, then
a(pj)
∗|pi1 . . . pin〉 = |pjpi1 . . . pin〉
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We call a(pj)
∗ a creation operator and interpret a(pj)
∗ as the operator that
creates a particle with energy-momentum pj. Defining the commutator and
anticommutator of two operators A,B on Ks by [A,B] = AB − BA and
{A,B} = AB + BA, respectively, it is easy to check that a(pj) and a(pj)∗
have the characteristic properties:
{a(pi), a(pj)} = {a(pi)∗, a(pj)∗} = 0 (2.1)
{a(pi), a(pj)∗} = δijI (2.2)
where I is the identity operator. For example, if i 6= j then
{a(pi), a(pi)∗} |pj〉 = a(pi)a(pi)∗|pj〉+ a(pi)∗a(pi)|pj〉
= a(pi)|pipj〉+ a(pi)∗(0) = |pj〉
while if i = j, then
{a(pi), a(pi)∗} |pj〉 = a(pi)a(pi)∗|pj〉+ a(pi)∗a(pi)|pj〉
= a(pi)(0) + a(pi)
∗|0〉 = |pi〉
Of course, it follows that a(pi) and a(pj) do not commute when i 6= j.
Corresponding to a fermion pj and a complex number αj ∈ C we define
the annihilation-creation operator (AC-operator) η(pj) by
η(pj) = αja(pj) + αja(pj)
∗
It is clear that η(pj) is a self-adjoint operator on K
s and it follows from (2.1)
and (2.2) that
{η(pi), η(pj)} = 2 |αi|2 δijI
It follows that η(pi) and η(pj) do not commute when i 6= j. If p1, . . . , pn are
distinct fermions in our system and αj ∈ C, j = 1, . . . , n we call
φ =
n∑
j=1
η(pj) =
n∑
j=1
[αja(pj) + αja(pj)
∗] (2.3)
a free fermion toy quantum field. Again, φ is a self-adjoint operator on Ks.
We now consider a system of bosons with energy-momentum qj , j =
1, . . . , n and having the same mass (say, photons). We again have the re-
striction that there are at most s particles. In this case, we can have that
qi = qj so some of the particles can be identical. We construct the symmetric
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Hilbert space J (n,s) with orthonormal basis |qi1 · · · qik〉. We sometimes use
the notation ∣∣qj1i1 qj2i2 · · · qjkik 〉
to represent the state in which there are j1 bosons of type i1, . . . , jk bosons
of type ik. For example ∣∣q21q02q33q4〉 = |q1q1q3q3q3q4〉
Since J (n,s) is symmetric, an interchange of entries does not affect the state.
For example,
|q1q2q3〉 = |q2q1q3〉 = |q2q3q1〉
Notice that there is a one-to-one correspondence between basis elements and
multisets with at most cardinality s that have at most n different elements.
It is well-known that the number of multisets with k elements chosen from
among q1, . . . , qn is (
n+ k − 1
k
)
=
(n+ k − 1)!
k!(n− 1)!
We conclude that
dim J (n,s) =
s∑
k=0
(
n + k − 1
k
)
For example, if n = 2, s = 3 we have that
dim J (2,3) =
3∑
k=0
(
k + 1
k
)
=
(
1
0
)
+
(
2
1
)
+
(
3
2
)
+
(
4
3
)
= 1 + 2 + 3 + 4 = 10
The basis elements for J (2,3) are
|0〉, |q1〉, |q2〉,
∣∣q21〉, |q1q2〉, ∣∣q22〉, ∣∣q31〉, ∣∣q21q2〉, ∣∣q1q22〉, ∣∣q32〉
For a boson qj we define the annihilation operator a(qj) by
a(qj)
∣∣qkj qk1j1 · · · qktjt 〉 = √k ∣∣qk−1j qk1j1 · · · qktjt 〉
where k + k1 + · · · + kt ≤ s. The corresponding creation operator a(qj)∗ is
given by
a(qj)
∗∣∣qkj qk1j1 · · · qktjt 〉 =
{√
k + 1
∣∣qk+1j qk1j1 · · · qktjt 〉 if k + k1 + · · ·+ kt < s
0 if k + k1 + · · ·+ kt = s
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As before, these operators are extended to J (n,s) by linearity. We define
the boundary J
(n,s)
of J (n,s) as the subspace of J (n,s) generated by the basis
vectors
V (n,s) =
{∣∣qj1i1 · · · qjtit 〉 : j1 + · · ·+ jt = s}
We have that
[a(qj), a(qk)] = [a(qj)
∗, a(qk)] = 0 on J
(n,s)
[a(qj), a(qk)
∗] = δjkI on J
(n,s)
r J
(n,s)
while on J
(n,s)
we have that
[a(q1), a(qk)
∗] |ψ〉 =
{
−√Nqk(ψ) + 1√Nq1(ψ) |ψ〉 if qj 6= qk
−Nqj (ψ) |ψ〉 if q1 = qk
where Nqj(ψ) is the number of qj ’s in the basis vector ψ. As before, we define
the self-adjoint AC-operators
η(qj) = αja(qj) + αja(qj)
∗
and the free boson toy quantum fields
ψ =
m∑
j=1
η(qj) =
m∑
j=1
[αja(qj) + αja(qj)
∗] (2.4)
We finally consider a mixed system of fermions p1, . . . , pm with the same
mass and bosons q1, . . . , qn with the same mass. Again, we limit the to-
tal number of particles to s. The corresponding Hilbert space L(m,n,s) has
orthonormal basis
|pj1 · · · pjrqk1 · · · qkt〉
The basis elements are antisymmetric in the p’s, symmetric in the q’s and
symmetric under an interchange of p’s and q’s. We then have the two free
toy quantum fields φ of (2.3) and ψ of (2.4) acting on L(m,n,s).
3 Eigenstructures for Free Toy Fields
One way to understand free toy fields is to find their eigenvalues and eigenvec-
tors which can then be employed to construct their spectral representation.
The simplest way to begin is to study the AC-operator
η(p1) = αa(p1) + αa(p1)
∗ (3.1)
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on the fermion Hilbert space Ks. It is easy to check that the eigenvalues of
η(p1) are ± |α|. The eigenvectors corresponding to |α| have the form
|α| |pi1 · · · pik〉+ α|p1pi1 · · · pik〉, ij 6= 1 (3.2)
and the eigenvectors corresponding to − |α| have the form
|α| |pi1 · · ·pik〉 − α|p1pi1 · · · pik〉, ij 6= 1 (3.3)
Since there are 2s−1 vectors of the form (3.2) and 2s−1 vectors of the form
(3.3), we have a complete set of eigenvectors (which we have not bothered
to normalize). Notice that because of the form of the eigenvalues, we have
η(p1)
2 = |α|2 I.
We next consider the AC-operator
η(p2) = βa(p2) + βa(p2)
∗ (3.4)
whose eigenvalues are ± |β| and whose eigenvectors are similar to (3.2), (3.3).
For concreteness, letting s = 2, the orthonormal basis for the 4-dimensional
Hilbert space K2 is: |0〉, |p1〉, |p2〉, |p1p2〉. We consider a free toy field
defined by φ = η(p1)+ η(p2). Relative to the given bases we have the matrix
representation.
φ =

0 α β 0
α 0 0 −β
β 0 0 α
0 −β α 0

The eigenvalues of φ are ±
√
|α|2 + |β|2 and each of these has multiplicity
two. The corresponding eigenvectors (which are not orthonormalized) are
−α
−
√
|α|2 + |β|2
0
β
 ,

√
|α|2 + |β|2
α
β
0
 ,

−α√
|α|2 + |β|2
0
β
 ,

−
√
|α|2 + |β|2
α
β
0

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We next consider the 8-dimensional Hilbert space K3 with orthonormal
basis: |0〉, |p1〉, |p2〉, |p3〉, |p1p2〉, |p1p3〉, |p2p3〉, |p1p2p3〉. Relative to this basis
we have
φ =

0 α β 0 0 0 0 0
α 0 0 0 −β 0 0 0
β 0 0 0 α 0 0 0
0 0 0 0 0 α β 0
0 −β α 0 0 0 0 0
0 0 0 α 0 0 0 β
0 0 0 β 0 0 0 α
0 0 0 0 0 β α 0

The eigenvalues of φ are: −
√
|α|2 + |β|2 ,
√
|α|2 + |β|2 , |α|+|β|, − (|α|+ |β|),
| |α| − |β| |, − | |α| − |β| |. The first two have multiplicity two and last four
have multiplicity one. The corresponding (not orthonormalized) eigenvectors
are: 
0
0
0
−αβ
0
|α|β
−α |β|
|α| |β|

,

0
0
0
−αβ
0
− |α|β
α |β|
|α| |β|

,

0
0
0
αβ
0
− |α|β
−α |β|
|α| |β|

,

0
0
0
−αβ
0
|α|β
α |β|
|α| |β|

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
−
√
|α|2 + |β|2
α
β
0
0
0
0
0

,

−α√
|α|2 + |β|2
0
0
β
0
0
0

,

√
|α|2 + |β|2
α
β
0
0
0
0
0

,

−α
−
√
|α|2 + |β|2
0
0
β
0
0
0

.
Letting η(p3) = γa(p3) + γa(p3)
∗ We have the free toy field φ = η(p1) +
η(p2) + η(p3) with matrix representation
φ =

0 α β γ 0 0 0 0
α 0 0 0 −β −γ 0 0
β 0 0 0 α 0 −γ 0
γ 0 0 0 0 α β 0
0 −β α 0 0 0 0 γ
0 γ 0 α 0 0 0 β
0 0 −γ β 0 0 0 α
0 0 0 0 γ β α 0

The eigenvalues of φ are:
±
√
|α|2 + |β|2 + |γ|2 , ±
√
|α|2 + |β|2 + |γ|2 ± 2
√
|β|2 (|α|2 + |γ|2 .
The first two have multiplicity two and the others have multiplicity one. The
eigenvectors are rather complicated and will be omitted.
We now study free boson toy fields. These are more complicated then
the fermion case because of the repeated particles. The simplest nontrivial
example is the 6-dimensional symmetric Hilbert space J (2,2) with basis: |0〉,
|q1〉, |q2〉, |q21〉, |q1q2〉, |q22〉. Letting η(q1) = αa(q1) + αa(q1)∗ and η(q2) =
βa(q2)+βa(q2)
∗ we have the matrix representation of the free toy boson field
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φ = η(q1) + η(q2) given by
φ =

0 α β 0 0 0
α 0 0
√
2α β 0
β 0 0 0 α
√
2β
0
√
2α 0 0 0 0
0 β α 0 0 0
0 0
√
2 β 0 0 0

The eigenvalues are: 0, ±
√
|α|2 + |β|2 , ±√3
√
|α|2 + |β|2 . The eigenvalue 0
has multiplicity two and the others have multiplicity one. The corresponding
eigenvectors are:

−√2αβ
0
0
αβ
0
αβ

,

−√2α2
0
0
|α|2 − |β|2
√
2αβ
0

,

0
−β
√
|α|2 + |β|2
α
√
|α|2 + |β|2
−√2αβ
|α|2 − |β|2
√
2αβ

,

0
β
√
|α|2 + |β|2
−α
√
|α|2 + |β|2
−√2αβ
|α|2 − |β|2
√
2αβ

,

|α|2 + |β|2
√
3α
√
|α|2 + |β|2
√
3β
√
|α|2 + |β|2
√
2 (α)2
2αβ
√
2 (β)2

,

|α|2 + |β|2
−√3α
√
|α|2 + |β|2
−√3β
√
|α|2 + |β|2
√
2 (α)2
2αβ
√
2 (β)2

.
We next consider that 10-dimension symmetric Hilbert space J (2,3) with
basis: |0〉, |q1〉, |q2〉, |q21〉, |q1q2〉, |q22〉, |q31〉, |q21q2〉, |q1q22〉, |q32〉. The toy boson
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field φ = η(q1) + η(q2) has matrix representation
φ =

0 α β 0 0 0 0 0 0 0
α 0 0
√
2α β 0 0 0 0 0
β 0 0 0 α
√
2β 0 0 0 0
0
√
2α 0 0 0 0
√
3α β 0 0
0 β α 0 0 0 0
√
2α
√
2β 0
0 0
√
2 β 0 0 0 0 0 α
√
3β
0 0 0
√
3α 0 0 0 0 0 0
0 0 0 β
√
2α 0 0 0 0 0
0 0 0 0
√
2β α 0 0 0 0
0 0 0 0 0
√
3β 0 0 0 0

The eigenvalues are:
0, ±
√
|α|2 + |β|2 , ±√3
√
|α|2 + |β|2 , ±
√
3±√6
√
|α|2 + |β|2 .
The eigenvalue 0 has multiplicity two. We omit the rather complicated eigen-
vectors.
The most interesting and important of the free toy fields are the mixed
ones. The simplest nontrivial example is when we have two fermions p1, p2,
two bosons q1, q2 and we let s = 2. The mixed Hilbert space L
(2,2,2) has basis:
|0〉, |p1〉, |p2〉, |q1〉, |q2〉, |p1p2〉, |p1q1〉, |p1q2〉, |p2q1〉, |p2q2〉, |q21〉, |q1q2〉, |q22〉.
Letting η(p1), η(p2) have the form (3.1), (3.4), we obtain the toy fermion field
φ = η(p1) + η(p2). The eigenvalues are: 0 (multiplicity 5), ±
√
|α|2 + |β|2
(multiplicity 4, each). In a similar way we define η(q1) = γa(q1) + γa(q1)
∗
and η(q2) = δa(q2) + δa(q2)
∗. We then obtain the free toy boson field ψ =
η(q1) + η(q2). The eigenvalues for ψ are: 0 (multiplicity 5), ±
√
|γ|2 + |δ|∗
(multiplicity 3, each) and ±√3
√
|γ|2 + |δ|2 (multiplicity 1, each). To save
space, we omit the matrix representations and eigenvectors.
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4 Interacting Toy Fields
Let φ = η(p1) + · · ·+ η(pn) and ψ = η(q1) + · · ·+ η(qm) be free toy quantum
fields acting on the same Hilbert space K. The operators φ and ψ can be
either fermion or boson operators. These fields can interact in various ways,
but we shall only consider the simplest nontrivial interaction φψ. We shall
call the self-adjoint operator
τ = 1
2
(φψ + ψφ) = 1
2
{φ, ψ} (4.1)
an interaction toy quantum field. Even in small dimensional Hilbert spaces,
the eigenstructure of τ can be quite complicated and we shall only consider
some simple examples. We have seen that for a fermion AC-operator η(p1)
the self-interaction η(p1)
2 = |α|2 I and we see that for φ = η(p1) + η(p2) on
K2 that φ2 =
(|α|2 + |β|2) I so this self-interaction is also trivial. However,
if φ = η(p1) + η(p2) on K
3 that we previously considered the self-interaction
φ2 has eigenvalues |α|2+ |β|2 (multiplicity 4), (|α| − |β|)2 (multiplicity 2) and
(|α|+ |β|)2 (multiplicity 2).
An important case of an interaction toy field comes from the last example
of Section 3. Corresponding to free fields φ and ψ we obtain the interaction
toy field (4.1) whose matrix representation is
τ =

0 0 0 0 0 0 αγ αδ βγ βδ 0 0 0
0 0 0 αγ αδ 0 0 0 0 0 0 0 0
0 0 0 βγ βδ 0 0 0 0 0 0 0 0
0 αγ βγ 0 0 0 0 0 0 0 0 0 0
0 αδ βδ 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −βγ
2
−βδ
2
αγ
2
α δ
2
0 0 0
α γ 0 0 0 0 −βγ
2
0 0 0 0 αγ√
2
α δ
2
0
α δ 0 0 0 0 −βδ
2
0 0 0 0 0 αγ
2
α δ√
2
β γ 0 0 0 0 αγ
2
0 0 0 0 β γ√
2
β δ
2
0
β δ 0 0 0 0 αδ
2
0 0 0 0 0 β γ
2
β δ√
2
0 0 0 0 0 0 αγ√
2
0 βγ√
2
0 0 0 0
0 0 0 0 0 0 αδ
2
αγ
2
βδ
2
βγ
2
0 0 0
0 0 0 0 0 0 0 αδ√
2
0 βδ√
2
0 0 0

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The eigenvalues are: 0 (multiplicity 5), ±
√
|α|2 + |β|2
√
|γ|2 + |δ|2 (mul-
tiplicity 1, each), ±1
2
√
|α|2 + |β|2
√
|γ|2 + |δ|2 (multiplicity 2, each) and
±
√
3
2
√
|α|2 + |β|2
√
|γ|2 + |δ|2 (multiplicity 1, each). We omit the corre-
sponding eigenvectors.
We now begin an analysis of interaction toy fields. We admit that this is
preliminary work and much more needs to be done. Consider the very simple
field
φ = 1
2
[η(p1)η(q1) + η(q1)η(p1)] (4.2)
We assume that η(p1) and η(q1) are boson AC-operators acting on the boson
Hilbert space J (n,m,s) where the particles p1 . . . , pn are bosons of mass m1
and q1, . . . , qm are bosons of mass m2. Moreover, we assume that η(p1) and
η(q1) have the form:
η(p1) = αa(p1) + αa(p1)
∗
η(q1) = βa(q1) + βa(q1)
∗
The general basis element for J (n,m,s) is:
|pr11 · · · prnn qs11 · · · qsmm 〉 (4.3)
where
∑
ri+
∑
si ≤ s. Because of the structure of φ in (4.2), we are mainly
concerned with p1, q1 and we use the notation |rs〉 for a vector of the form
(4.3). When we write |r1s1〉 ∼ |r2s2〉, we mean that r1 6= r2 or s1 6= s2 but
that the other vectors in (4.3) are identical. For example,∣∣p1p2q21q2〉 ∼ |p1p2q1q2〉
If a vector has a representation
ψ =
t∑
k=1
βk|ikjk〉, |irjr〉 ∼ |isjs〉, r 6= s, βk ∈ C
we say that ψ has type t and form (|i1j1〉, . . . , |itjt〉). If ik + jk is even for all
k, then ψ has even form and if ik + jk is odd for all k, then ψ has odd form.
For example, |00〉 has even form of type 1, β1|01〉 + β2|10〉 has odd form of
type 2 and
β1|00〉+ β2|11〉+ β3|20〉+ β4|02〉
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has even form of type 4. We shall employ this terminology to classify the
eigenvectors of φ. It is useful to observe that
φ = αβa(p1)a(q1) + αβa(p1)
∗a(q1)
∗ + 1
2
αβ {a(p1), a(q1)∗}
+ 1
2
αβ {a(p1)∗, a(q1)} (4.4)
The simplest case is the boson Hilbert space J (1,1,2) with s = 2 and bosons
p1, q1. The basis for J
(1,1,2) is: |0〉, |p1〉, |q1〉, |p1q1〉, |p21〉, |q21〉. Applying (4.4)
the matrix representation for φ becomes:
φ =

0 0 0 αβ 0 0
0 0 αβ 0 0 0
0 αβ 0 0 0 0
αβ 0 0 0 αβ√
2
αβ√
2
0 0 0 αβ√
2
0 0
0 0 0 αβ√
2
0 0

The eigenvalues of φ are: 0 (multiplicity 2), ± |α| |β|, ±√2 |α| |β|. The
corresponding eigenvectors are:
−β
0
0
0
0√
2 β

,

−α
0
0
0√
2α
0

,

0
|α|β
α |β|
0
0
0

,

0
− |α|β
α |β|
0
0
0

,

√
2β/ β
0
0
2β |α| /α |β|
αβ/αβ
1

,

√
2 β/ β
0
0
−2β |α| /α |β|
αβ/αβ
1

.
We see that the eigenvectors have types 2, 4 and form
(|00〉, |02〉) , (|00〉, |20〉) , (|10〉, |01〉) , (|10〉, |01〉) ,
(|00〉, |11〉, |20〉, |02〉) , (|00〉, |11〉, |20〉, |02〉) .
The third and fourth have odd form while the others have even form.
A slightly more involved case is the boson Hilbert space J (2,1,2) with
bosons p1, p2, q1 and s = 2. The basis for J
(2,1,2) is: |0〉, |p1〉, |p2〉, |q1〉, |p21〉,
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|p22〉, |p1p2〉, |p1q1〉, |p2q1〉, |q21〉. We omit the matrix representation of φ but
we list its eigenvalues: 0 (multiplicity 4), ± |α| |β|, ±1
2
|α| |β|, ±√2 |α| |β|.
The corresponding eigenvectors are:
−β
0
0
0
0
0
0
0
0√
2 β

,

−α
0
0
0√
2α
0
0
0
0
0

,

0
0
0
0
0
1
0
0
0
0

,

0
0
1
0
0
0
0
0
0
0

,

0
αβ
0
|α| |β|
0
0
0
0
0
0

,

0
−α β
0
|α| |β|
0
0
0
0
0
0

,

0
0
0
0
0
0
α β
0
|α| |β|
0

,

0
0
0
0
0
0
−α β
0
|α| |β|
0

,

√
2 β/ β
0
0
0
αβ/αβ
0
0
2αβ/ |α| |β|
0
1

,

√
2 β/ β
0
0
0
αβ/αβ
0
0
−2αβ/ |α| |β|
0
1

.
The eigenvectors have types 1, 2, 4, and even form (|00〉), (|00〉, |02〉), (|00〉, |20〉),
(|00〉, |11〉, |20〉, |02〉), and odd form (|10〉, |01〉).
The fermion case is much simpler than the boson case. Our last example
is a fermion Hilbert space K(2,2,4) with two fermions p1, p2 of mass m1, two
other fermions q1, q2 of mass m2 and s = 4. This 16-dimensional space has
basis: |0〉, |p1〉, |p2〉, |q1〉, |q2〉, |p1p2〉, |p1q1〉, |p1q2〉, |p2q1〉, |p2q2〉, |q1q2〉,
|p1p2q1〉, |p1p2q2〉, |p1q1q2〉, |p2q1q2〉, |p1p2q1q2〉. We define the AC-operators:
η(p1) = αa(p1) + αa(p1)
∗
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η(p2) = βa(p2) + βa(p2)
∗
η(q1) = γa(q1) + γa(q1)
∗
η(q2) = δa(q2) + δa(q2)
∗
The corresponding free toy fermion fields become:
φ = η(p1) + η(p2)
ψ = η(q1) + η(q2)
The interaction toy field is τ = 1
2
(φψ + ψφ). we omit the matrix representa-
tion of τ except for saying that the first row of τ is
[0 · · ·0 αγ αδ βγ βδ 0 · · ·0]
and the other rows are permutations of the first row with various minus
signs and complex conjugations. The eigenvalues of τ are surprisingly simple.
Letting ω1 =
√
|α|2 + |β|2 and ω2 =
√
|γ|2 + |δ|2 , the eigenvalues are ±ω1ω2
each with multiplicity 8. One of the eigenvectors has the form[
0 · · ·0 − γω1 − βω2 0 αω2 0 · · · 0 δ ω1
]T
and the others are permutations of this one with various minus signs and
complex conjugations.
This pattern continues. For example, for fermions p1, p2, p3 and q1, q2, q3
we obtain the 64-dimensional Hilbert space K(3,3,6). With the obvious nota-
tion, the eigenvalues of τ become ±ω1ω2ω3 each with multiplicity 32.
5 Discrete Quantum Field Theory
This section presents the background for a discrete quantum field theory
[1,2,5,7]. Toy models emerge from this theory by imposing a particle number
cut-off. We then see how the work of previous sections can be applied to
approximate this general discrete theory. As before, we shall neglect spin so
we are actually considering scalar fields. The main goal of this section is to
introduce the concept of toy scattering operators.
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Our basic assumption is that spacetime is discrete and has the form of
a 4-dimensional cubic lattice S [3–5]. We then have S = Z+ × Z3 where
Z+ = {0, 1, 2, . . .} represents discrete time and Z = {0,±1,±2, . . .} so Z3
represents discrete 3-space. If x = (x0, x1, x2, x3) ∈ S, we sometimes write
x = (x0,x) where x0 ∈ Z+ is time and x ∈ Z3 is a 3-space point. We equip
S with the Minkowski distance
||x||24 = x20 − ||x||23 = x20 − x21 − x22 − x23
where we use units in which the speed of light is 1.
The dual of S is denoted by Ŝ. We regard Ŝ as having the identical
structure as S except we denote elements of Ŝ by
p = (p0,p) = (p0, p1, p2, p3)
and interpret p as the energy-momentum vector for a particle. In fact, we
sometimes call p ∈ Ŝ a particle. Moreover, we only consider the forward cone{
p ∈ Ŝ : ||p||4 ≥ 0
}
For a particular p ∈ Ŝ we call p0 ≥ 0 the total energy, ||p||3 ≥ 0 the kinetic
energy and m = ||p||4 the mass of p. The integers p1, p2, p3 are momentum
components. Since
m2 = ||p||24 = p20 − ||p||23
we conclude that Einstein’s energy formula p0 =
√
m2 + ||p||23 holds. For
mass m, we define the mass hyperboloid by
Γm =
{
p ∈ Ŝ : ||p||4 = m
}
Moreover, for x ∈ S, p ∈ Ŝ we define the indefinite inner product
px = p0x0 − p1x1 − p2x2 − p3x3
We now define three Hilbert spaces. For fermions p1, p2, . . . , we define the
fermion Hilbert space K to be the separable antisymmetric Hilbert space
with orthonormal basis
|0〉, |p1〉, |p2〉, . . . , |p1p2〉, |p1p3〉, · · · , |p1p2 · · · pn〉, · · ·
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For bosons q1, q2, . . . we define the boson Hilbert space J to be the symmetric
Hilbert space with orthonormal basis
|0〉, |q1〉, |q2〉, . . . ,
∣∣q21〉, |p1p2〉, · · · , |qr11 qr22 · · · qrnn 〉, · · ·
For fermions p1, p2, . . . and bosons q1, q2, . . . , we define the mixed Hilbert
space L analogous to the construction in Section 3. Moreover, we define the
annihilation and creation operators a(pj), a(qj), a(pj)
∗, a(qj)
∗ as we did in
Section 2. On the Hilbert space K, for any x ∈ S, r ∈ Z+, we define the free
fermion quantum field at x with mass m and maximal total energy r [3–5]
by:
φ(x, r) =
∑{
1
p0
[
a(p)eipipx/2 + a(p)∗e−ipipx/2
]
: p ∈ Γm, p0 ≤ r
}
(5.1)
Since there are only a finite number of terms in the summation in (5.1), we
see that φ(x, r) is a bounded self-adjoint operator on K. We define free boson
quantum fields on J in an analogous way. We can also define quantum fields
for particles of various masses.
We now impose the number of particles cut-off s to obtain the finite-
dimensional subspaces Ks, Js, Ls of K, J , L considered in Section 2. The
restriction of free field φ(x, r) to one of these subspaces becomes a free toy
field and is denoted by φs(x, r). Letting s → ∞, we have in a certain weak
sense that
lim
s→∞
φs(x, r) = φ(x, r)
As shown in [4,5] we can also relax the maximal energy restriction by letting
φ(x) = lim
r→∞
φ(x, r).
For concreteness, consider the fermion Hilbert space K and the other
two cases are similar. Let H(x0) be a self-adjoint operator on K that is a
function of time x0 ∈ Z+. This operator is specified by the theory and we call
it a Hamiltonian. The operator H(x0) is usually derived from a Hamiltonian
density H(x), x ∈ S, where H(x) are again self-adjoint operators on K. The
space-volume at x0 is given by the cardinality V (x0) = |{x : ||x||3 ≤ x0}| and
we define
H(x0) =
1
V (x0)
∑
{H(x) : ||x||3 ≤ x0} (5.2)
For a Hamiltonian H(x0) the corresponding scattering operator at time x0 is
the unitary operator S(x0) = e
iH(x0). The final scattering operator is defined
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as S = lim
x0→∞
S(x0) when this limit exists. The scattering operator is used to
find scattering amplitudes and probabilities. For example, suppose that two
particles with energy-momentum p and q collide at time 0. We would like to
find the probability that their energy-momentum is p′ and q′ at time x0. (By
conservation of energy-momentum, we usually assume that p′ + q′ = p + q.)
The axioms of quantum mechanics tell us that the scattering amplitude for
this interaction is 〈p′q′|S(x0)|pq〉 and the probability becomes
|〈p′q′|S(x0)|pq〉|2
A fundamental question in quantum field theory is: “How do we find
the Hamiltonian density H(x), x ∈ S?” The answer is usually that H(x)
is determined by the interaction of quantum fields. But the problem now
is that we don’t know how the fields interact and we frequently have to
make an intelligent guess. Suppose φ(x, r) and ψ(x, r) are quantum fields.
As mentioned in Section 4, probably the simplest nontrivial interaction is
φ(x, r)ψ(x, r) so we form the self-adjoint operator
τ(x, r) = 1
2
{φ(x, r), ψ(x, r)}
To simplify the calculations we can consider the toy interaction field
τ s(x, r) = 1
2
{φs(x, r), ψs(x, r)}
discussed in Section 4. We then define the toy Hamiltonian density to be
τ s(x, r). This quantity has the extra parameter r which we can let approach
infinity at the end of the calculation. We now construct the toy Hamiltonian
Hs(x0, r) =
1
V (x0)
∑
{τ s(x, r) : ||x||3 ≤ x0}
The resulting toy scattering operator becomes
Ss(x0, r) = e
iHs(x0,r) (5.3)
In Sections 3 and 4 we stressed the importance of finding the eigenstruc-
ture of toy free and interaction quantum fields. Once we have calculated the
eigenstructure of Hs(x0, r) we can write its spectral representation
Hs(x0, r) =
n∑
j=1
λjPj (5.4)
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where λj are the distinct eigenvalues of H
s(x0, r) and Pj is the orthogonal
projection onto the eigenspace of λj, j = 1, . . . , n. In this case, PjPk = δjkPj
and
n∑
j=1
Pj = I. Applying (5.3), (5.4), we obtain a complete formula for
Ss(x0, r) given by
Ss(x0, r) =
n∑
j=1
eiλjPj
Of course, the examples of eigenstructures computed in Sections 3 and 4
were much simpler than that of Hs(x0, r) and computer assistance must be
employed for the latter. It is clear that the present work is only the beginning
and much more must be done to develop a compete theory. Once this is
accomplished, we can check the theory against experimental results.
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